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We establish a mapping between a continuous variable
(CV) quantum system and a discrete quantum system of ar-
bitrary dimension. This opens up the general possibility to
perform any quantum information task with a CV system
as if it was a discrete system of arbitrary dimension. The
Einstein-Podolsky-Rosen state is mapped onto the maximally
entangled state in any finite dimensional Hilbert space.
PACS Numbers: 3.65 Bz, 3.67 -a, 42.50 Ar
Quantum entanglement is a fundamental resource for
the quantum information processing { performance of
communication and computational tasks beyond the lim-
its that are achievable on the basis of laws of classical
physics [1]. While most of the quantum information pro-
tocols were initially developed for quantum systems with
nite dimensions (qudits) they have also been proposed
for the quantum systems with continuous variables (CV),
such as quantum teleportation [2], entanglement swap-
ping [3], entanglement purication [4], quantum compu-
tation [5], quantum error correction [6], quantum dense
coding [7], and quantum cloning [8].
With the exception of two-mode bipartite Gaussian
states [9] there are no general criteria to test separability
of a general state in innite-dimensional Hilbert spaces.
Similarly, the demonstration of the violation of Bell’s in-
equalities for CV systems is based predominantly on the
phase-space formalism [10] and the generalization to CV
systems of various Bell’s inequalities derived for discrete
systems and the criteria for their violation remains open.
It is therefore highly desirable to nd mapping between
CV and discrete systems. This would open up the possi-
bility the CV systems to be exploited to perform quan-
tum information tasks as if they were qudits, by applying
protocols which are already developed for discrete sys-
tems. It also would allow to apply all criteria known for
discrete systems for the classication of states (e.g. for
separability or for violation of Bell’s inequalities) to CV
systems.
Very recently a mapping between CV systems and
qubits (two-dimensional systems) was established [11,12].
This enables to construct a Clauser-Horne-Shimony-Holt
(CHSH) inequality [13] for CV systems [11], without rely-
ing on the phase-space formalism and to analyze the sep-
arability of the innite-dimensional Werner states [12]. It




dq jqi1 ⊗ jqi2, (1)
where jqi1 ⊗ jqi2 denotes a product state of two subsys-
tems of a composite system, maximally violate the CHSH
inequality, a question which remained unanswered within
the phase-space formalism. The EPR state, as the maxi-
mally entangled state of systems with continuous degrees
of freedom, is considered as a natural resource of quan-
tum entanglement in CV quantum information process-
ing. The two-mode squeezed vacuum states, which can
be produced in a nondegenerate optical parametric am-
plier (NOPA), are considered as the "regularized" EPR
states.
It is intuitively clear that the potentiality of an innite-
dimensional system as a resource for quantum informa-
tion processing goes beyond that of the qubit system. In
particular, as it will be shown below, the CHSH inequal-
ity for CV systems can be maximally violated even with
non-maximally entangled states. To show the full poten-
tial of innite dimensional systems it will be important to
nd a mapping between CV and discrete quantum sys-
tems of arbitrarily high dimensions and, e.g., to check
the violation of Bell’s inequalities for higher-dimensional
systems [15] by the EPR states. Such a mapping is also
necessary if one wants to implement those quantum in-
formation tasks developed for discrete systems to CV
systems, which exclusively requires higher-dimensional
Hilbert spaces. These are, for example, the quantum key
distribution based on higher alphabets [16], the quantum
solution of the coin-flipping problem [17], of the Byzan-
tine agreement problem [18], and of a certain communi-
cation complexity problem [19].
In this paper we establish a mapping between a CV
and a discrete system of arbitrary dimension. Mathe-
matically, for an innite-dimensional Hilbert space we
construct the generators of SU(n) algebra for all nite n,
which build up the structure of a n-dimensional Hilbert
space. This allows to consider a CV system as represent-
ing a quantum system of any dimension, i.e. a CV system
can be used in various quantum information tasks even
those which requires systems of dierent dimensions. In
particular the EPR state is always mapped onto the max-
imally entangled state in any nite dimensional Hilbert
space.
1
Any Hermitian operator on a n-dimensional Hilbert
space can be expanded into the unit operator and the
generators of the SU(n) algebra. We use a description
which was introduced in Ref. [20] (See also Ref. [21]).
One can introduce transition-projection operators
P^jk = jjihkj, (2)
where jji with j = 1, ..., n are orthonormal basis vectors
on the Hilbert space of dimension n. The operators P^
will next be used to dene another set of n2−1 operators,
which are formed in three groups and are denoted by the
symbols u^, v^ and w^. One denes
u^jk = P^jk + P^kj (3)





(P^11 + P^22 + ...+ P^ll − lP^l+1,l+1), (5)
where 1 l n− 1 and 1 j< k n.
It is easy to check that when n = 2, these oper-
ators are the Pauli (spin) operators along the x, y
and z direction. In general, the operators u^, v^ and
w^ generate the algebra SU(n). That is, the vector
~^s = (u^12, ..., v^12, ..., w^1, ..., w^n−1) has components s^j (j =
1, ..., n2−1) that satisfy the algebraic relation
[s^j , s^k] = 2ifjkls^l, (6)
where repeated indices are summed from 1 to n2−1, and
fjkl is the completely antisymmetric structure constant
of the SU(n) group.
It can be shown that the operators s^j fulll the re-
lations Tr(s^j) = 0 and Tr(s^is^j) = 2δij . This enables
to represent any Hermitian operator acting in the n-
dimensional space as a linear sum of s^j ’s. In quantum
physics we are interested in particular in the representa-



















sj s^j , (8)
where a0 = Tr(a^), aj = Tr(s^j a^) and sj = Tr(s^j ρ^). The
factor 1/n in Eq. (8) is due to the normalization Tr(ρ^) =
1. The vector ~s = (s1, ..., sn2−1) is the generalized Bloch
vector, which is real due to the hermicity of ρ^.
This formalism can also be applied to describe com-
posite systems. Then the direct product s^i ⊗ ... ⊗ s^j of
the base operators of the individual subsystems (together
with identity operators acting in the Hilbert spaces of in-
dividual subsystems) serves as a basis in the composite
system. As an example consider the density operator
ρ^(1, 2) of the composite system consisting of two subsys-















sj(2)1^⊗ s^j + 14
n2−1∑
i,j=1
tij(1, 2)s^i ⊗ s^j . (9)
Again the factor 1/n2 is due to the normalization
Trρ^(1, 2) = 1. Performing the partial trace over one
of the subsystems, one obtains the reduced density op-
erator of the other subsystem. One can easily show
that the vectors ~^s(1) = (s1(1), ..., sn2−1(1)) and ~^s(2) =
(s1(2), ..., sn2−1(2)) are the generalized Bloch vectors
of the reduced density operators of individual subsys-
tems 1 and 2, respectively. The coecients tij(1, 2) =
Tr[ρ^(s^i(1)⊗ s^j(2))] are elements of the correlation tensor
and account for correlations (see Ref. [21]). The gener-
alization of the representation (9) to composite systems
consisting of more than two subsystems is obvious.
To establish the mapping between a continuous vari-
able system and a discrete system of dimension n we
introduce the transition-projection operators
P^jk(m) = jnm+ jihnm+ kj, (10)
where 1  m < 1 and 1  j < k  n. For each m one
constructs the n2−1 operators
u^jk(m) = P^jk(m) + P^kj(m) (11)





(P^11(m) + P^22(m) + ...
+ P^ll(m)− lP^l+1,l+1(m)), (13)
where 1  l  n−1. Therefore the initial innite dimen-
sional Hilbert space is divided into subspaces of dimen-
sion n. Within each such subspace (indexed by m) the
generators of the SU(n) algebra are dened according to
Eqs. (11-13).
It is important to note that by constructing the
set of n2−1 operators ~^s(m) = (u^12(m), ... , v^12(m), ...,
w^1(m), ..., w^n−1(m)) satisfy the algebraic relation (6) for














where  denotes the direct sum of operators.
The central point in the construction of the map-
ping is the introduction of the set of operators ~^S =
∑1m=1 ~^s(m) = (U^12, ..., V^12, ..., W^1, ..., W^n−1). That set
has elements S^j’s (j = 1, ..., n2−1) which also satisfy the
general algebraic relation (6). This can easily be proved
as follows













2ifjkls^l(m) = 2ifjklS^l. (17)
Note that [s^j(m), s^k(r)]=0 if m 6=r. Therefore the set of
operators ~^S generate the SU(n) algebra as well. However,
in contrast to the set of generators ~^s(m) which acts on n-
dimensional subspaces, the set ~^S acts on the full innite
dimensional Hilbert space. It can be shown that for n = 2
the three SU(2) operators are the "pseudospin" operators
introduced in Ref. [11,12].
The generators ~^S can be used to represent Hermitian
operators acting in the innite dimensional space as a
linear sum of S^j ’s. In particular, observables and density
operators can be represented as given by:















Here A0 = Tr(A^), Aj = Tr(S^jA^) and Sj = Tr(S^jΩ^) in
the analogy with the previous considerations given above.
Similarly a composite system in state Ω^(1, 2), which con-














Sj(2)1^⊗ S^j + 14
n2−1∑
i,j=1
Tij(1, 2)S^i ⊗ S^j .
Here ~^S(1) = (S1(1), ..., Sn2−1(1)) and
~^
S(2) = (S1(2), ...,
Sn2−1(2)) are the two generalized Bloch vectors of indi-
vidual subsystems 1 and 2, respectively and Tij(1, 2) =
Tr[Ω^(S^i(1) ⊗ S^j(2))] are elements of the correlation ten-
sor.
The correspondence between observables and states of
n-dimensional Hilbert space, on one hand, and the ob-
servables and states of an innite dimensional Hilbert
space, on the other hand, is established by the mapping
of the corresponding coecients
Discrete system: CV system:
Observables: aj  ! Aj (21)
States: sj  ! Sj (22)
tij  ! Tij (23)
(j = 1, ..., n2−1). The set of coecients aj, sj , tij and
Aj , Sj , Tij are given by the decompositions in terms of
the generators s^j’s and S^j ’s of the SU(n) algebra, re-
spectively.
We note that our formalism can also be adapted to es-
tablish a mapping between discrete quantum systems of
dierent dimensions. For a Hilbert space of dimension N
we introduce the transition-projection operators as given




denotes the integer part of Nn . Next, we dene the
set of operators as given in Eq. (14-16) where the sum





. This set than sat-
isfy the algebraic relation (6). Thus we obtain a mapping
between discrete systems of dimension N and n.
Obviously the decompositions (19) and (20) are not
unique, there are many states living in the initial Hilbert
space that have the same coecients in the representa-
tion in terms of the SU(n) generators. To give an ex-
ample consider the maximally entangled state (including





















jnm+ ji1 ⊗ jnm+ ji2, (26)
in dierent n  n dimensional subspaces of the original
composite Hilbert space. They both are mapped onto




in an n  n-dimensional space because they both have
the same coecients in the decomposition in terms of
the SU(n) generators as the state jψi. This example also
shows that even a non-maximally entangled states of the
form (25) can be considered as a resource of maximal
entanglement in the n-dimensional Hilbert spaces. For
example, the state (25) for n= 2 can maximally violate
the CHSH inequality of Ref. [11].
It is important to note that the EPR state is the only
state which is mapped (through the mapping (21-23))
onto the maximally entangled state in any nite dimen-
sional Hilbert space. Thus the violation of Bell’s inequal-
3
ities for arbitrarily high dimensional systems [15] or var-
ious quantum protocols which require maximally entan-
gled states of dierent dimensions [1,16,19] can all be
demonstrated by the EPR states.







jki1 ⊗ jki2 (27)
where r > 1 is the squeezing parameter and jki1 ⊗ jki2
is a product of the Fock states of the two modes,
becomes the optical analog of the EPR state in the
limit of suciently high squeezing. To show this ex-
press the number states jki in the coordinate represen-
tation: jki = ∫ dq 1/√2kk!(pi)1/2Hk(q)exp(−q2/2)jgi in
Eq. (27), where jqi are eigenstates of a position operator







dq0 h(q, q0, tanh r) jqi1 ⊗ jq0i2,
(28)
where h (q, q0, x)  exp [−(q2 + q02 − 2qq0x)/[2(1− x2)]
[23]. Since in the limit of suciently high squeezing
limx!1 g (q, q0, x) = δ(q− q0), one has limr!1 jNOPAi =∫
dq jqi1 ⊗ jqi2 = jEPRi, which is just the original EPR
state.
In this paper we use a particular representation in
terms of the generators of the SU(n) algebra to establish
the correspondence between CV and discrete systems.
The particular representation is of no importance; other
representations could also be possible. However, in any
of them the central point should always be the use of the
transition-projector operators as given in Eq. (10).
In conclusion, we nd a correspondence between the
CV quantum systems and discrete quantum systems of
arbitrary dimensions. This enables to apply for CV sys-
tems all results of the physics of quantum information
processing on discrete systems.
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